APPLICATION OF DERIVATIVES - MODULE 4
APPROXIMATIONS




WHAT'S THE THEORY BEHIND
APPROXIMATION
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Now the increment iny corresponding to the increment in x, denoted by Av. is qivent

WHAT’S THE
THEORY BEHIND
APPROXIMATION

We define the following:
(1) The differential of x, denoted by dx, Is defined by dx = Ax.

(if) The differential of y, denoted by dy, is defined by dy = f(x) dx or
dy = (dy/dx) * Ax

1fdx = Ax s relatively small when compared to with x then dy is a good approximation of Ay and dy = Ay,

T

DIFFERENTIAL OF THE DEPENDENT VARIABLE I8 NOT EQUAL
TO THE INCREMENT OF THE VARTABLE,WHERE AS THE
DIFFERENTIAL OF THE INDEPENDENT VARIABLE IS EQUAL TO
THE INCREMENT OF THE VARTABLES
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FIND THE APPROXIMATE VALUE OF v25.3

(i) /253 ¥= M) =vx
VAV =f(x+ Arx)

Consider ) =Jx_Let x=25 and Av=03. -

Then, . VT4V = x+Arx-

Ay =+fx+Ax —~E= E.j—wf_-‘:? =+253-5 Ay=afx+Ax- ¥

=253 =Ay+5 Ay =+x+ A —x

Now, dy 15 approximately equal to AV as dx = Ax

J25.3 ~dy +5

1
(03)+35=003+5

?ﬁ-

Hence, the approximate value of 4/253 15 0.03+5=5.03.
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FIND THE APPROXIMATE VALUE OF(0.009)3

y  {(0.009)3

E“:::-n-‘:-il:ler y=x"".Let x=0.008 and Ax=0.001._ Ay — f(x + AX) - f(x)
Then

1 L | L ]
Av =(x+Ax)c —(x)? =(0.009)F —(0.008)F = (0.009)F —0.2
L
== (0009 )z = 0.2 + Ny
Now., oy is approximately egual to Ay and is given by,

L

== (0.009)z = v =+ 0.2
j -:.-i'.:-f -+ .22

—(Ax) +
F(x)=

1 . .
——  _{0.001 L£.001 5 o
3= 003" ) _ 2 —0.008 0.2

1
Hence. the approximate value of (0009 )5 is 0.2 4+ OQ0.008 = 0. 208




1
= (0.999)@ . Ax is —ve

1
Consider y=(x)10. Let x=1and Ax=-—0.001

Then,

1

Ay =(x+ _u]-': (x) l:'={|D::.='99}u—1 Ay = f(x+ Ax) — f(x

=>(0.999 :]ﬁ =1+Ay

Now, dy is approximately equal to Ay and is given by,

1
= (0.999)1 dy + 1 __
- as\y =(x o
@ |Ax+ 1 =%£ﬂx}— 1
/ 10(x )@

l—lﬂ[—ﬂ_ﬂﬂlj +1 =—-00001 +1=029999

1
Hence, the approximate value of (D-‘EJSFS' 0 is 1+ —0.0001) = 0.9000,




Find the approximate value of f(2.01), where f(x)=4x" +5x+2.

Solution
Let x=2 and Ax=0.01.Then. we have:
£(2.01)= f(x+Ax)=4(x+Ax)" +5(x+Ax)+2

Now, Ay = f(x+Ax)—f(x)

flx+Ax)=f(x)+4)
~ f(x)+f (x)Ax
= f(2.01)~(4x" +5x+2)+(8x+5)Ax
= [4(2) +5(2)+2]+[8(2)+5](0.01) [as x=2. Ax=0.01]
(16+10+2)+(16+5)(0.01)
28+(21)(0.01)
28+0.21
:28.21
Hence, the approximate value of £(2.01) 1s 28.21.




Find the approximate value of £(5.001). where f(x)=x"-7x" +15.

Solution
Let x=5 and Ax=0.001. Then we have:

£(5.001) = f(x+Ax)=(x+Ax) =7 (x+Ax) +15

Now, Ay=f(x+Ax)-f(x)

S flx+Ax)=flx)+ M
v flx)+f | [x).Ax
= £(5.001) = (¥ —7x% £15)+(3x* —14x) Ax

. ._(5}3—7[_5]2+15}+-_3{:’-]:—l—Hi_]]iD.ﬂ-l}l] [xx=5.Ax=0.001]
(125-175+15)+(75-70)(0.001)
_35+(5)(0.001)
~35+0.005

—34.005
Hence, the approximate value of f(5.001) 15 —34.995.




Find the approximate change in the surface area of a cube of side x meters caused by decreasing
the side by 1%.

Solution 5: .
, s . ’ When side
The surface area of a cube (5) of side x 1s given by 5 =06x". decreases ,

ds (ds) surface area
L —= decreases

= (12x)(0.01x) [as 1% of x i5 0.01x]
=0.12x"

Hence, the approximate change in the surface area of the cube is 0.12x" m" decrease




If the radmus of a sphere 1s measured as 7 m with an error of 0.02 m. then find the approximate
error 1n calculating its volume.

Seolution
Let r be the radms of the sphere and A7 be the error in measuring the rads.

Then.

r=7m and Ar=0.02m

Now. the volume V7 of the sphere 1s given by,
5

7 T
Je

adv »
——=4nr
ar

— (dv)
.:a‘V=; :

ar )

o

=(4m7 )Ar
—47(7) (0.02)m® =3.927an’

Hence. the approximate error in calculating the volume is 3927 m".
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Strictly Decreasing function Neither Increasing nor Decreasing function
(iv)

)

Letl be an open interval contained in the domain of a real valued funcuon
f- Then f1s said to be

(1) increasingon lifx <x, inl = f(x ) = f(x)) for all x , x

e I
(11) strictly increasing on I if

X <. 10k = ) <=<F(x) 1orall x. . x.
(mm) decreasingonlifx <x_ inl = f(x) = ftx ) forall'x .x. & L

(iv) strictly decreasingon l if x, < x, inl = f(x,) > f(x,) for all x . x




Show that the function given by f (x) = 3x + 17 is strictly increasing

on R.

Let x;, and x., be real numbers
Such that

A0S A
NMultiplying both sides by 3

= P R W S P

Adding both sides by 17

S, K= 300V F

F(x,1)<T(xs)

Hence when x;, < X%, , F(x;) < f ()

Thus, f(x) is strictly increasing on R.

Strictly Increasing function

()




I'heorem 1 Let f be continuous on [a, b] and differentiable on the open interval
(a,b). Then

(a) f isincreasing in [a,b] if f’(x) > O for each x € (a, b)
(b) f is decreasing in [a,b] if f'(x) < O for each x € (a, b)

(c) f is a constant function in [a,b] if f'(x) = O for each x € (a, b)

(1) fis strictly increasing in (a, b) if f'(x) > 0 for each x € (a, b)

(1) fis strictly decreasing in (a, b) if f'(x) < 0 for each x € (a, b)

() A function will be increasing (decreasing) in R if it 1s so in every interval of R.




Example - Show that the function f given by
flx)=x'-3r+4r,1e R

s strictly increasing on K.

Solution Note that

f(x) =3 -6x+4

=24 1) 4]

3(c= 1)+ 1> 0, 1 every interval of R

Therefore, the function f1 strictly ncreasing on R,




Prove that the function given by f(x) = cos x 18
strictly decreasing in (0, 7)
strictly increasing in (m, 21), and
neither increasing nor decreasing in (0, 21).
tion Note that f'(x) = - sin x
(a) Since for each x € (0, m), sinx > 0, we have f'(x) < 0 and so f is strictly
decreasing 1n (0, 7).

(b) Since for each x € (m, 2m), sin x < 0, we have f'(x) > 0 and so fis strictly
increasing in (7, 2n).

(c) Clearly by (a) and (b) above, f 1s neither increasing nor decreasing in (0, 2r).

&~ Note |One may note that the function in question s neither strictly increasing in

7, 2xt] nor strictly decreasing in [0, 7). However, since the function is continuous at
the end points 0 and 7, by Theorem 1, f1s increasing in [xt, 21| and decreasing in [0, 7).




Example  Find the intervals in which the function f given by f(x) = X’ =4x + 6 is

(a) strictly increasing (b) strictly decreasing
Solution We have

f(x)=x’-4x+ 6

or f'(x) =2x-4

Therefore, f'(x) =0 gives x=2. Now the point x = 2 divides the real line into two
disjoint intervals namely, (- oo, 2) and (2, o) (Fig 6.3). In the interval (- oo, 2),
f(x)=2x-4<0.

Therefore, f 1s strictly decreasing in this

v

)
)

interval. Also, in the interval (2,0), f'(x)>0 —® ) +00
and so the function f 1s strictly increasing in this Fig 6.3
interval.

«~ Note |Note that the given function is continuous at 2 which is the point joining

the two intervals. So, by Theorem I, we conclude that the given function is decreasing
in (- e, 2] and increasing in [2, ce).

n




Example ' Find the intervals in which the function f given by f(x) = 4x’ — 6x* = 72x + 30
18 (a) strictly increasing (b) strictly decreasing.
Solution We have
fx) =4x° = 6x° = 72x + 30
/@) =12 - 12x - 72
=12(x* - x - 6)
=12(x-3) (x + 2)

Therefore, f'(x) = 0 gives x = - 2, 3. The
points x = -2 and x = 3 divides the real line into -
three disjoint intervals, namely, (— oo, -2), (-2, 3)
and (3, ).

[n the intervals (—eo, —2) and (3, ), f*(x) is positive while in the interval (-2, 3),
f’(x) is negative. Consequently, the function f is strictly increasing in the intervals
(— oo, — 2) and (3, eo) while the function is strictly decreasing in the interval (- 2, 3).
However, fis neither increasing nor decreasing in R.

Interval Sign of f'(x) Nature of function f

(=00, —2) = =>0 fis strictly increasing

=)+ <0 fis strictly decreasing

(+)(+)>0 fis strictly increasing
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INCREASING AND DECREASING FUNCTIONS

Compound Interest

| Money Invested that earns interest on the interest, follows an
Baby’s length in inches Exponential rate of growth to produce large amounts of money.
Eg. Retirement Funds, Long Term Investments, and Property.

4
$8,000

Iy

No. of Yea

Compound Interest 10% for 20 years

Huge & Growing Fast] —— 4 57009

$6,000

est Rate

$5,000

No. of times per year,
i ol T
Inter

Princip.\l interest s o

Final Amount }\

Pocket Change

\

R

F= P(1+i/N)”T




Find the intervals in which the following functions are strictly increasing or strictly decreasing

~ X3 - 0x2 - 12 + 1

Letf(x)=-2x-0x%-12x + 1

f'(X)=-6x2-18x-12=-6(x>+3x+2)=-6(x+1) (X +2)
f(x)=0givesus-6(x+1)(x+2)=0=>x=-1,-2
The points x = = 2, = 1 divide the real line into three intervals (- =, - 2), (-2, - 1), (-1, o)

Intervals Sign of Nature of
f(x) = —6(x + 1)(x + 2) | function F

x e (—oo ,—2) C)¢t Xt ) — 1)) f is strictly
—(— ) — 0O decreasing
¢ ciH Ol ) fi=sivictly

= ol = P increasing

(+) = O

C—OH ) f is strictly
(—) — O decreasing

x e (—1,c0) C—I)C L)1)

Hence, f is strictly increasing for 2 -n.

& strictly decreasing for (—«.-2) u(-1,=)

[—




(uestion 7:
Show that y = log(1+ x) - 2L x> -1, isan increasing function of x throughout its domain.

24X
# Answer 7:
2x

y = log(1+x) e What is

dy 1 (24x.2-2() 1 b (242 =4(1+1) the
= — = - = —~ = domain
dx 1+x (2 +x)? 1+x (2 +x)?

| (L+x)Q2+x)? of this
u!y_ﬂﬁr:-:E +4I—4—4:-:_ 1 function

=== — = .
dx  (1+0Q2+x)?! (1+2)2+x) ?

x’ > 0and (2+x)* > 0, as these are perfect squareand (1 + x) > 0asx > -1,

Therefore, s 0,if x > =1. Hence, the function is increasing throughout its domain.

ik




Now,
@ Beosf+—{4+ cos” 6 +4cosd) _4oosfi- cos” _ cos(4-cost)
dg (2+cos6) 2 (2+cosf)  (2+cosd)

In mterval [J_g | we have cosd>0. Alo 4= cosf=4-cos8=0.

bnf T
Prove fiat y= - & an mereasing finction of £ i - !
(24056 2]

=
.:I

Siuton: ~.cos6(4-cos6) >0 and also (2+cosB) >0
We have, |
- 4sinf y
(2+eosf) (2+c0s6)
oy (Lrcos6)deost)-4smfi-smf) 1 LN
‘i (2+cosf) &
Bcosf+doos'f+4sin'
[1+msﬁ]z

_ Seosfl+4 |
(:Z—n:oa'ﬂ): Hence, y is increasing in inferval G?T]

-

0(4-cost
_, s (4-cos ]:-D

5

o L (T
Therefore. v is strictly increasing in interval ‘ 11? |

l

. T T
Also, the given function 15 contmuous at x=0 and 1= 7




Show that f(x) = tan™" (sin x + cos x) is a decreasing function on the interval (n/4, m /2).

Solution:
Given f (x) = tan™ (sin x + cos x)

d P
=:.f’(:«;) = E(tan (sinx + cosx))

1
X (CcosX— sinx
1+ (sinx + cosx)? ( ) = f'(x) <0

f"(:{) _ (cosx — sinx) Hence, Condition for f(x) to be decreasing

1+ (sinx + cosx)?

= f(x) =

T T
Now, as given Thus f(x) is decreasing on interval (1’5)

= Cos x —sin X < 0; as here cosine values are smaller than sine values for same
angle
(cosx — sinx)

f(x) =

1+ (sinx + cos x)?




Find the intervals in which f(x) = sin x — cos x, where 0 < x < 2m is increasing or decreasing.

solution:

Given f (x) = sin X — cos x

d , .
_f(x) = E(SHH{_ COS X)

= f'(x) = cos x + sin X

For f(x) let us find critical point, we must have
= f(x)=0

= Cosx+sinx=0

= Tan (x) =—1

INTERVALS

3T
(OI T)

NATURE OF
THE FUNCTION

INCREASING

DECREASING

INCREASING




T 36
f(x) =—x* —=x°-3x?2+—x+11
10 5 5

is (a) strictly increasing (b) strictly decreasing

3 4 - 36
f(x)=—x* —=x°-3x2+—x+11
10 5 5

Finding f’'(x)

Flx)=— x 4x3 =2 X 3x2 =3 x 2X+=2+0
10 5 5

12 o 42 36
f(x) == x3- = x2—6x + —

10 5 - synthetic division :

£ (x) = 6(

x3—2x2—5x+6) 1
5

= -?(x— 1D)(x?—x—6)

:%(x— D(x+2)(x—3)

f{x) =D
Hencex=-2.1&3

Thus, we get four disjoint intervals

j.e. (—o0,~2),(—2,1) (1 ;3), (3 ,00)

l




Sign of f/(x)
=2G-DE+2)(x-3)

x€(-0,-2) ()E)E)=()

Strictly
decreasing

' Strictl
re(=271) CHE) =) |ncreasiyng
Strictly
decreasing

2 (L3N EE(CH) () =)

Strictly

x € (3,0) BRI () = () increasing

= f(x) is strictly decreasing on the interval x €(—o0,-2)u (1, 3)

f(x) is strictly increasing on the interval x €(—2,1)U (3 ,»)
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